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Abstract

In this paper, we describe a simplicial analogue of the coendomorphism operad associated
to the wedge product and define coalgebras in the category of simplicial sets. We show that
simplicial n-fold suspensions are coalgebras up to coherent homotopy over the Barratt-Eccles
E,—operad. We also compute an explicit model for the A,—operad in simplicial sets, and describe
the Boardman-Vogt resolution of the Barratt-Eccles Ej,-operad.

1 Introduction

The little n-discs operad D, was first introduced by J. P. May in his 1972 book The Geometry of
Iterated Loop Spaces [13], although it was foreshadowed in the work of Stasheff and Boardman-Vogt.
He had noticed that n-fold loop spaces carry a natural monoidal (up to homotopy) structure
induced by concatenation of loops. He invented operads in order to capture this underlying
structure without reference to the space itself. This approach proved its utility immediately, when
he was able to show that any algebra over D, is weakly homotopic to an n-fold loop space, a famous
result known as May’s recognition principle. Since then, this operad has informed much progress
in algebraic topology. For example, it can be shown that the homology of the little n-discs operad
is the parameterized Poisson operad Pois, in chain complexes [3]. This immediately implies that
the homology of n-fold loop spaces possesses not just the Pontryagin product induced by the
concatenation of loops, but also a binary product of degree 1 — n called the Browder bracket. The
Dyer-Lashof and Kudo-Araki operations on the mod p cohomology of iterated loop spaces may be
constructed by more complex considerations [4].

The principle of Eckmann-Hilton duality suggested that that iterated suspensions should pos-
sess a similarly rich theory. Moreno-Fernandez, Wierstra and author have made some steps in this
direction in the [7]. One approach is, for each topological space X, to define the coendomorphism
operad CoEnd(X) (Definition 2.1). A &-coalgebra is defined to be a pair (X, ¢p) where X is a space
and ¢ is an operadic morphism &2 — CoEnd(X). It turns out that an analogue of May’s recognition
principle holds in this setting and that the D,,-coalgebras are, up to homotopy, precisely the n-fold
suspensions.

The above theory is mainly developed in the setting of topological spaces, classically defined.
However, modern homotopy theory is primarily studied via simplicial techniques. To connect
these two strands, in this article, we extend the theory of E,;-coalgebras to the realm of simplicial
sets. The theory does not extend as naiively as one might hope, as the wedge sum of fibrant objects
is not necessarily fibrant (see the discussion at the start of Section 3.1). To circumnavigate this, we
use Kan’s Ex* functor to define a coendomorphism operad completely internal to the category
of simplicial sets (Definition 3.9) for any simplicial set X with only finitely many non-degenerate
simplices, and use this to define coalgebras in the same way as in the last paragraph. We may then
establish, via model theoretic arguments, that n-fold simplicial suspensions are E,-coalgebras
(Theorem 3.16).

A secondary goal of this article is to provide some concrete cofibrant E,-operads in simplicial
sets. This is important because in general because co-algebras over an operad & may be defined
as ordinary algebras over a cofibrant replacement of &.

The Boardman-Vogt resolution (Definition 2.24) is a convenient choice of cofibrant replacement
functor in many model categories of operads. In the last part of the article, we compute some
examples of the Boardman-Vogt resolution in the category of simplicial sets. We show that the arity



n component of the Boardman-Vogt resolution of the simplicial associative operad consists of n!
disjoint copies of a simplicial set analogous to an associahedron. We also give a similarly explicit
description of the Boardman-Vogt resolution of the Barratt-Eccles E,-operad.

Notation and conventions

All topological spaces are compactly generated and Hausdorff. We will refer to the monoidal
category of such spaces equipped with the Kelley product as Top. The symmetric group on n letters
is denoted S,,.

The structure of this article

This paper has the following structure. First we recall some preliminaries on topological coalgebras,
Kan’s Ex*-functor and the Boardman-Vogt construction. Then in part 3, we construct a coen-
domorphism operad in simplicial sets. We prove that simplicial suspensions are E,- coalgebras.
Finally, we conclude by constructing some cofibrant models for the Ej,-operad in simplicial sets.
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and guidance. He would also like to thank his supervisor Grégory Ginot for all the support and
assistance that he provided.

2 Preliminaries

In this section, we collect some of the prerequisites for understanding this paper. First we recall
the theory of coalgebras in topological spaces. Then we describe Kan's Ex*-functor, a fibrant
replacement functor in the Quillen model category of simplicial sets. Finally, we outline the
construction of the W-construction, a cofibrant replacement in the category of Berger-Moerdijk
model category of operads.

2.1 Coalgebras in topological spaces

In arecent preprint [7, Definition 2.14], the authors show that one can define a coalgebra over an
operad in topological spaces. There is a similar, but not equivalent, notion in Vect given in [11,
Subsection 5.2.17]. We summarise this below.

Definition 2.1. Let X be a pointed topological space. The coendomorphism operad CoEnd(X) has
arity r component
CoEnd(X)(r) := Mapry,, (X, X"'")

For r =0, set CoEnd(X)(0) = Map,, (X, *) = . The operadic composition maps are defined by

Y : CoEnd(X) (1) ® CoEnd(X) (1) ® - -- ® CoEnd(X)(n;) — CoEnd(X)(ny + - + ny)

(f;fl)"' )fn) — (fl V'“an)of
The symmetric group action permutes the wedge factors in the output.

Remark 2.2. Note that CoEnd(X) is naturally pointed. We will normally choose to ignore this extra
structure, and will regard CoEnd(X) as unpointed for the rest of this report.

This immediately allows us to define a coalgebra as an algebra over the coendomorphism
operad.

Definition 2.3. Let & be an (unpointed) operad in the category of topological spaces. A &-
coalgebrais a pointed space X along with an (unpointed) morphism of operads

A: P — CoEnd(X)
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Remark 2.4. Using the product-mapping space adjunction we see that this is equivalent to giving
a sequence of coproducts on the space X.
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In this framework, one can prove the following result.

Theorem 2.5. [7, Theorem 2.1] Let £ X be the n-fold suspension of a pointed space X. Then there is
a natural map of operads
A:D,, — CoEnd(Z"X)

which encodes the homotopy coassociativity and homotopy cocommutativity of the pinch map.
Otherwise said, n-fold suspensions are coalgebras over the little n-discs operad. Furthermore, for
any based map X — Y , the induced map X" X — XY extends to a morphism of D, -coalgebras.

2.2 Kan’s Ex* functor

The classical Quillen model structure on the category of simplicial sets has the property that all
objects are cofibrant. On the other hand, for many computations it is useful to also have functorial
fibrant replacements. This question may be resolved via Kan’s Ex* functor which computes them
via the process of barycentric subdivision. For details of proofs we refer the reader to [8, Chapter
11I].

Definition 2.6. Recall that the nondegenerate simplices of the standard n-simplex A" are exactly
the increasing injections [m] — [n] with 0 < m < n. These are in one-to-one correspondence with
the subsets of {0,1,..., n} of cardinality m + 1 and thus form a poset under inclusion which we
denote PA". We define the simplical subdivision of A™ to be

sdA™:= A/ (PA™)
where .4 is the nerve of the poset (regarded as a small category with morphisms given by inclu-
sions).

Visually the subdivisions of the first two standard simplices are shown in Figures 1 and 2. The

arrow notation a N b simply means that dy(f) = a and d, (f) = b. The leading way that they have
been drawn, illustrates the following lemma.

Lemma 2.7. [8, Lemma III.4.1] On the level of geometric realizations, there is a homeomorphism
filsdA" = A%,

The notion of subdivision can be extended to any simplicial set, not just the standard simplices.
This extension makes use of the notion of a simplex category, which we shall introduce next.



Definition 2.8. The simplex category A | X of a simplicial set X, has for objects all simplicial maps
0 : A" — X and has for morphisms, the commutative diagrams of the form

o

A" —> X
e 27
Am

where 6* is induced by a unique ordinal map 0 : [m] — [n].

Definition 2.9. Let X be a simplicial set. The subdivision sd X of X is defined to be the simplicial
set
sd X =liman_xsd A"

with the limit indexed by the simplex category of X.

Definition 2.10. Let X be a simplicial set. There is a natural map va» : sd A” — A" induced by the
map of posets PA" — [n] given by
[l}(), Ulyeooy Vk] — V.

The last vertex map vy :sd X — X is
VX =limAnﬂXvAn

with the limit indexed by the simplex category of X.
We define the Ex functor to be the right adjoint of the sd functor.

Definition 2.11. For any simplicial set X we define
Ex(X),, := Homget, (sd A", X)

Definition 2.12. We have a morphism px : X — Ex(X) which is adjoint to the last vertex map. Thus
we obtain a diagram

X S Ex(X) S Ex2(X) — ---

The colimit of this diagram is denoted Ex*°(X).

Example 2.13. If X is the one point simplicial set, then Ex*(X) is isomorphic to X. Too see this,
observe that the one point simplicial set * is the terminal object in the category of simplicial sets.
Therefore (Ex*), = Homget, (SdA", ) = *,. The face and degeneracy maps are obviously also
uniquely determined. Thus we can conclude that Ex * = * and thence by induction that Ex" = .
The map Ex” ¥ — Ex"*! % induced by the last vertex map must be the identity by the terminality of
*, and the limit of the diagram

is *.

The following theorem lists some useful properties of the Ex* functor.
Theorem 2.14. [8, Theorem 4.8] Let X be a simplicial set. Then:

1. Ex*(X) is a Kan complex.

2. The canonical mapnx : X — Ex*°(X) is an acyclic cofibration.

3. Ex* preserves fibrations.

4. Ex™ preserves finite limits.

It follows that Ex*°(X) is a fibrant replacement functor for X.



2.3 The Boardman-Vogt resolution

The material in this section is drawn from [2]. In the Berger-Moerdijk model structure on operads
[1], a morphism of operads, over some ambient category €, is fibrant or a weak equivalence if and
only if the underlying morphism of S-modules is fibrant or a weak equivalence. Therefore questions
involving these can be dealt with using only the tools of €. Cofibrancy is a less directly tractable
property and thus we need an alternative way to understand it. This is also quite important from
the perspective of explicitly constructing co-algebras. It turns out that for a special class of operads
one can construct a cofibrant replacement functor called the Boardman-Vogt resolution or the
W-construction.

As we shall see, the actual construction is extremely technical but the intuition behind it is fairly
simple. Given an arbitrary pointed operad # that is cofibrant as an S-module, it is shown in [2],
that &, (F.(£?)) is cofibrant as an operad, where F, is the forgetful functor that is right adjoint to
the free operad functor .. The appearance of trees in what will follow is due to their appearance
in the free operad construction.

We are going to combinatorially construct a factorisation of the counit of the free—forgetful
adjunction. With some assumptions on the operad &, the factorisation

Fu(Fu(P) — W(P) — P

will be a weak equivalence followed by a cofibration. Thus W (4?) is a cofibrant replacement of .

Definition 2.15. An interval in C is a factorisation Tul —> H —— I of the folding map
into a cofibration (0, 1) followed by a weak equivalence ¢, together with an associative operation
v : H® H — H such that all of the following diagrams commute.
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Next we shall construct an n-cube H(T) associated to every tree T with n internal edges. By
virtue of its construction we shall have inclusion maps into this cube from H(T’) for every tree T’
that can be made from T by contracting edges and these inclusions glue together nicely, in the sense
thatif T" is a contraction of T’ then the two inclusions H(T") — H(T) and H(T") — H(T") — H(T)
agree.

Definition 2.16. Let T be a planar tree with set of internal edges E(T) of cardinality k. We shall
assume that we have chosen a consistent convention for ordering E(T). We define

HT) = @ H.
ecE(T)
Remark 2.17. Given a tree T, we can fix any ordering of internal edges at all for our consistent
convention for ordering E(T). The only reason for requiring it in the first place is that when we
write products like & e (1) H where the order of factors is important, we want the i'" factor in the
product to always corresponds to the same internal edge.



Remark 2.18. One should observe that the symmetries of T give H(T) an automatic right Aut(T)-
action.

Definition 2.19. Let T be a planar tree and let D be a subset of its set of internal edges E(T). We
define

Hp(T)= @ He.
ecE(T)

I ifeeD.
He = .
H otherwise.

where

We further define
H (1= |J Hp(D)
D#&
Remark 2.20. Let T/ D be the tree obtained by contracting the edges in D. Then there is clearly a
natural isomorphism

Hp(T) — H(T/D).

This extends to an acyclic cofibration
Hp(T) — H(T)

where we apply 0: I — H to H, if e € D and the identity morphism otherwise. The pushout-product
condition tells us that the induced map

H (T)— H(T).

is an acyclic fibration.

The next two definitions concern arity 1 operations. Essentially these definitions allow us to
ignore vertices with only one input edge during explicit computations. Informally, we just eliminate
any such vertices by operadic composition.

Definition 2.21. If ¢ is a nonempty set of unary (meaning having exactly one incoming edge)
internal vertices of a tree T, there is a map

re:H(T)— H(T/c)

where T/c is given by removing each vertex of ¢ and connecting the incoming and outgoing edge.
This map is given in terms of v : H® H — H for vertices connecting two internal edgesande: H — |
for vertices connecting an internal and external edge.

Definition 2.22. Let T’ be the set consisting of pairs (T, ¢), wherele T and c is a nonempty set
of unary internal vertices of 7. We recursively define a function & : T" — C as follows. We fix
P .(It) = I and define

18 2,(T)® & P.(Ty) if xec;

Pey(tn, Tr,.... Tp)) = & 7.
c(y(tn, T n)) {.@(n)@@c(Tl)@"‘@yc(Tn) otherwise.

where x is the internal root vertex of ,,.

Remark 2.23. For all nonempty sets ¢, d of unary vertices in T with ¢ € d, by the pushout-product
condition the unit u: I — #?(1) induces a cofibration &;(T) — Z.(T). Let us write (observing
that P4 = Z(1))
Z.(T) = J Z.T)
[ 3%}

where ¢ ranges over all the nonempty sets of unary vertices in T and the union is interpreted as
the colimit over all cofibrations &7 (T) — &.(T) for ¢ < d. An application of pushout-product
condition shows that the induced map 22, (T) — Z(T) is an Aut(Z?)-cofibration for every well-
pointed cofibrant operad &.




We can now put these definitions together to create the W-construction. There are two distinct
parts to this. First, we shall define the S-module structure and then we shall define the operadic
composition maps.

Definition 2.24. Let H be an interval. For any operad & we shall construct the operad W (H, &)
as the colimit of acyclic cofibrations of S-modules.

The reader should be somewhat confused by this because we have not yet said what W;(H, P)
is. Intuitively, W; (H, P) is the dimension i — 2 component of W (H, P); the part corresponding to
trees with at most i internal edges.

More formally, we construct W; (H, £?)(n) by induction on i. For the base case, that is i = 0, we
set

Wy (H, P)(n) .= X (n)

foralln=0.
Now suppose that i > 0 and that W;_; (H, &) has been defined already. We shall also suppose
that that we have a canonical map

as: (H(S) ® Z(8)) ®aus) [[Sn] — Wi—1(H, P)(n)

for each tree S with at most i — 1 internal edges and n input edges. (Recall that 2 is the functor
that we used in the construction of the free functor &.) When i = 0, these maps are

e When n =1, ay; is the unit map I — (1)
e When n > 1, a;, is the identity map & (n) — Z(n).

Notation 2.25. For notional simplicity we shall introduce the following shorthand

(H® )" (T):=(H (T)® Z(T)) U (H(T)® Z.(T)).

H™(T)® Z.(T)
Remark 2.26. By the pushout-product condition the inclusion map
(He P)™(T) — H(T)® P(T)

is a cofibration.

Our next step shall be to use the maps a s to construct a S,-equivariant map

az: (H® P)(T) ®puys) 1Syl — Wi_1 (H, 2)(n). )

Construction 2.27 (The construction of @7 ). For every nonempty set D of internal edges define
Bp as the composite
(Hp(T)® 2 (T)) @ut(r) [1Sn] — (H(T/D) ® Z(T1D)) ®pur) I[S]
L Wiy (H, ) (n)
where the first map is induced by both
¢ the isomorphism Hp(T) — H(T/D).
¢ the partial operad composition map ?(T) — @(T/ D).

Taking all choices of D we produce an S,-equivariant map

Br: (H (T) @ P (D)) @auyr) [[Sn] — W1 (H, 2)(n). 3)
x—(J Bp)x) )
D#J



Inan analgous manner, for each nonempty set ¢ of internal unary vertices of T, the isomorphism
P (T) — P(T/c) and the map H(T) — H(T/c) of Remark 2.21 together induce a map

s (H(D) ® Pe(1) ®puecr) L1Sn] — Wi—1(H, 2)(n).
Once again these glue together over all possible nonempty choices of ¢ to produce an S,,-equivariant
map

81 (H(T)® Z4(T)) ®aur) I[Snl = Wi—1(H, ) (n). (5)
The maps S and 61 glue together to give a;.

Now we take the coproduct over all isomorphism classes of trees T with n input edges and i
internal edges, and construct the following pushout.

Ua
L), et (H® ) (T) ®puecr) I[Sn] — Wi_1(H,2)(n)

l l ©)

— L
Uiy, retn, iy (H(T) © Z(T)) ®punt) 1[Sn] i) W;(H, &) (n)
This defines both W;(H, &) and the maps a 7. Each inclusion W;_; (H, &) — W;(H, &) is a acyclic
cofibration in the model structure on S,,-modules, because it is the pushout of one.
Now we define W (H, &?) as in Definition 2.24 and one observes that #(n) = Wy(H, &) —
W (H, Z?)(n) is the composition of acyclic fibrations and so is one itself.

Remark 2.28. If we work with reduced operads, the construction above is somewhat simplified. In
fact we are able to ignore all trees in T which have unary (one input edge) vertices. This is easy to
see, because if T has a unary vertex then

P(T)= P(T).
It follows that o
(He ) (T) = (H(T)® Z(T)) ®auxr) I[Sh].

The tree T thus contributes no extra structure to the pushout W;(H, £?)(n), and so we lose nothing
by omitting it.

Next we move on to describing the operad structure of W (H, &).

Composition in W (H, &) is induced by tree grafting in T. Given a tree T with n input edges
and n trees T1,..., T, with k; input edges respectively, one obtains a new tree T/ = y(T, T, ..., Tp)
with k = k1 + -+ + k,, input edges. The n input edges of T become internal edges of T’. Therefore
there is a map

H(T)® H(T}) ® -+ ® H(T,) — H(T)® H(T}) ®---® H(T,,) ® I"" — H(T").

where the first map is the canonical one and in the second map is induced by 1: I — H on the
newly created internal edges and the identity on everything else.

Notation 2.29. For notational simplicity, we shall use the subscript A[T;] to represent tensoring by
— ®aur(m) I[Snl.

There is a map
JE— n — —_—
y: (H(T)® Z(T)ar © QUH(T) ® P (T)arry) — (H(T) & (T ).
i=1

which is induced by composition in the free operad ?(T) ® @(Tl) ®--- ®?(Tn) - ?(T’). The
operad structure is determined by the unique requirement that the following diagram commutes

J— n J— n
(H(D) e Z(Man © Q (H(T) @ P (T)ar,) — WH, P)(n) e @ W(H, 2)(k;)

i=1 i=1

b !

(H(T) ® (T > W(H, 2)(n).




Theorem 2.30. [2, Theorem 5.1] Let C be a cofibrantly generated monoidal model category with a
cofibrant unit I and an interval H. Let & be a S-cofibrant well-pointed operad. Then the counit of
the adjunction between pointed S-modules and operads admits a factorisation

Fu(P) — WH,P) — &

into a cofibration f followed by a weak equivalence g. In particular, W (H, &) is a cofibrant resolu-

tion for &.

2.4 The Barratt-Eccles operad and the Smith filtration

The last preliminary that we shall need is a simplicial model for E,;-operads. This is provided by
the Barratt-Eccles operad.

Definition 2.31. The simplicial sets defining the Barratt-Eccles operad in each arity are of the form
I'r),={woy,..., wy) €Sy x+++ xS}
equipped with face and degeneracy maps

dl (w()r”-) wn) = (w()r'--ywi—lrwiy Witlseee Wn)

$i (Woy..., W) = (Wo,..., Wi—1, Wi, Wi, Wisl,..., Wy).
S, acts on I' (n) diagonally, thatis to sayif o € S, and (wy,..., wy) €T (n) the
(wo,...,wp) *0=(Wy*0,..., Wp *0)
Finally the compositions are also defined componentwise via the explicit composition law of

Y:S(r)eS(n))®---8Sn;) —Sm +---+n;)

(0,01,...,07) = Opjp,0(01 X ---x0p)

where 0,,...,,, is the permutation that acts on n; +--- + n; elements, by dividing them into r blocks,
the first of length 7, the second of length 7, and so on. It then rearranges the blocks according to
o, maintaining the order within each block.

Definition 2.32. Let k be a positive integer. The Barratt-Eccles Ey -operad is defined by
T®(n) = (x e T(n): 0};(x) € sky_ T(2) for all i < j}.

where skj_; denotes (k — 1)-skeleton and the notation H;fj :T'(n) = T'(@2),for0<i<j=<n,isthe
coordinate-wise extension of the map 0;;S, — S given by

{id if o (i) < o' (j).
91']'(7: .
T otherwise.

The I'®) defines a filtration of operads of T, called the Smith filtration
I‘(l) _,I‘(Z) - ‘,,_,I‘(i),,,(_,r(ool =T
corresponding to the usual filtration
|]])1<_>[|])2c_>...<_>|]])l-...<—>|]])00:r

given by the equatorial embeddings.



3 Coalgebras in simplicial sets

The purpose of this section is to generalise [7, Proposition 2.23] , which says that n-fold suspensions
are coalgebras over the little n-discs operad, to simplicial sets. There are numerous reasons why
this is a useful idea. Our initial motivation was to find a strictly coassociative topological coalgebra,
to provide the Eckmann-Hilton dual of the Moore loop space. Unfortunately this turns out not to
be possible, see [7, Remark 2.19]. The main motivation therefore is that passing through simplicial
sets is a necessary step on the journey to describing E, -coalgebras in the modern formalism of
oo-operads [12].

Our discussion shall proceed as follows. In the first section, we shall shall define the ‘correct’
notion of a coendomorphism operad in topological spaces. In the second section we will show
that simplicial n-fold suspensions are homotopy algebras over the Barratt-Eccles operad, the main
result of this thesis.

3.1 The simplicial coendomorphism operad

In this section, we wish to extend the notion of coalgebras to the realm of simplicial sets. As in
topological spaces [7], we are going to do this by defining the notion of a coendomorphism operad.
This is significantly more difficult than it appears. We cannot simply take the obvious choice, the
operad defined in arity n by

Mapg,,, (X, X'").

To see why, consider what happens in the case where X = S'. This simplicial set has only 1 non-
degenerate simplex other than the base point - the 1-simplex o. The vertices of the simplicial
set

MapSetA (Sl, (Sl)vn)

are distinctly non-interesting, because the o can only mapped to one copy of S! in the wedge
product. This is in total contrast with the interesting structure in topological spaces, and hence in
the homotopy category.

This hints at the underlying problem. As we have seen throughout this report, not all simplicial
sets are fibrant in the Kan-Quillen model structure. Thus, not all maps in the homotopy category
exist between all pairs of objects in the model. To ensure that they do we must take a fibrant
replacement of X", (We shall later see that Mapg,,, (X, X*") is not even the correct homotopy type
to be a good candidate for a coendomorphism operad.) To ensure things remain as combinatorially
tractable as possible, we shall use Kan’s Ex™ functor for this task (we could alternatively use S.|X]|,
and we shall actually use this approach in the proof of Theorem 3.16). The underlying S-module of
the desired operad is very easy to describe and we can do this immediately.

Definition 3.1. We define the simplicial coendomorphism S-module in arity r to be
CoEnd(X)(r) := Mapgg,, (X,Ex*(X"")).

Each o € S, inducesamap o* : XV" — X', by via permutation of the factors of the wedge product.
Then the symmetric action of the S-module is given by the maps

— % 0 : CoEnd(X)(r) — CoEnd(X)(r)

f—a*of.
Remark 3.2. It is obvious that — * ¢ is a bona fide simplicial map because the degeneracy and

face maps of the simplicial mapping space act only on the domain of a n-simplex f: X x A™ —
Ex*°(XV") and not on the codomain.

The next few pages consist of defining the operadic composition maps. We start by recalling
some notation.
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Observation 3.3. Recall from Section 1 that Ex>(X) is defined the colimit of the following chain of
acyclic cofibrations .
XS Ex(X) S EXRX) S SEXEOO S -

Since cofibrations are injective in the Kan-Quillen model structure, this means that for all x €
Ex*°(X) there exists an N > 0 such that x € Ex"*(X) for all n > N. Of course, we are implicitly
identifying each Ex"(X) with its image in Ex*°(X), where they form an exhaustive filtration.

Definition 3.4. Let X be a simplicial set with only finitely many non-degenerate simplices, and let
f be an n-simplex of CoEnd(X)(r). In other words,

f € Mapge, (X, Ex®(X'"),.

By the definition of simplicial mapping sets, f is a simplicial function X x A™ — Ex®(X""). Fol-
lowing Observation 3.3, we can associate an integer N, to every simplex o € X x A" ; this being
the smallest NV such that f (o) € ExN(XV7). We define N ' to be the integer max{Ny}gexxam.

Remark 3.5. The integer Ny is well-defined because X x A™, the domain of f, has only finitely
many non-degenerate simplices.

Remark 3.6. It is easy to scheck the following three properties of Ny.
* f factors through Ex™/ (XV7).
* Ny is the smallest integer with this property.
e Forall N = Ny, f factors through ExV(XVN).

Our definition of the coendomorphism operad will make heavy use of the adjunction between
Ex and sd. For ease of reading, we shall introduce two pieces of helpful notation.

Notation 3.7. Let f € Homsget, (sd¥ (X x A™),(XV")) for N > 0. This is adjoint to f€ € Homge, ((X x
A™),Ex™(XV")). Now f€ uniquely extends to an element of Homge,, (X x A™),Ex*(XV")) which
is the same thing as Mapg,, A X Ex®(XV")),,. We shall denote this element as f.

Notation 3.8. Let f € Mapge, (X, Ex*(X"")),. Then it follows from Remark 3.5 that for all N > Ny,
there is a unique element, which we shall denote (f, N), of Homge, (sd™ (X x A™), XV7), such that
(fL,N)=f.

Having dispensed with the preliminaries we are now in a position to define the composition

maps. Observe that the subdivision functor is a left adjoint and so preserves colimits. In particular,
it commutes with wedge products.

Definition 3.9. Let f € CoEnd(X)(r),, and f; € CoEnd(X)(n;),, for 1 <i < r. We define the compo-
sition map

v : CoEnd(X)(r) x CoEnd(X)(n;) x ---CoEnd(X) (n,;) — CoEnd(X)(n; +---+ n;)

to be F where F is the map

sdN (G am)

F:sdVVr (X x A™) sdN (sd™ (X x A™) x sdVf (X x A™))

N (id x Nf
sdTldxsd T N sdNr (X x A™) x sdN (A™) S sdN (sd ™V (X x AT x A™)

(F:Np)

—'SdN(erXAm))ESdN(XxAm)V’M

XV ny+--ny

where

* Nis the integer max(Ng,..., Nr,).
. 6stf(X><A'") ssdN (X x A™M) — sdNVr (X x A™) x sd™VF (X x A™) s the diagonal map.
e my: X x A™ — A™ js the projection.
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N N
o a:sdVr(A™) — sdV (sdVf (X x A™) x A™) is the map st(idxv(Ni:)) where V(A,ﬁ) = VaAmo
OV NEL pm and vz :sd Z — Z is the last vertex map.

¢ bis an isomorphism, as x is distributive over the wedge product, and the wedge product
commutes with subdivision.

We need to check that the definition above gives rise to well-defined operad. We phrase this
result as a theorem.

Theorem 3.10. Let X be a simplicial set with finitely many non-degenerate simplices. Then the
composition maps of Definition 3.9 induce an operad structure on the S-module CoEnd(X).

Before proving this theorem, we wish to make two useful remarks and introduce a final piece of
notation.

Remark 3.11. Our first remark concerns the relationship between (f, N) and (f, M) for M > N = N¢.
From the definition of Ex we see that, for all simplicial sets Z and Z’, the simplicial morphism
Homset, (vz, Z') is adjoint to Homget, (Z, ptz7), where both

uz: Z — Ex(Z).
vz:sdZ— Z.
are the maps induced by the last vertex map. Thus we have the relation
(FiN)ovgn xxamy = (f, N +1).
for all N > Ny and its obvious extension by induction. A second useful well-known result about v z

that you should keep in the back of your mind is that the following diagram commutes

stL>Z

J/sd f J/f (7

sdz' 2 7.

Notation 3.12. We define vg“) I=VZ0 0V kel

Remark 3.13. Another useful thing is to note that we can replace N in the definition of F with
any integer K = Ny, and F will not change. To see why, call this new map F(K), and then observe,

with the help of Diagram 7, that F(K) = Fov' "/’

. By our previous remark
sd™f (XxAm) Y P

K-N
1/( )

=F.
sd™Vf (XxAm)

Fo

Similarly, if we replace N in the definition with a larger integer K’, the function F in Definition 3.9
will become another function which we will call F(K"). It once again follows from Remark 3.11 and
Diagram 7 that this function will be related to F by the identity

fK') = Foy{K=N,

and so we can also replace N with any larger integer in Definition 3.9 without changing the operad
structure.

Theorem 3.10. We need to verify that this defines an operad, starting with the associativity axiom.
So we wish to show that

Y(Y(f»fl»---;fr);fl,l;--'rfr,nr) :Y(f,Y(fl;fl,l»-~-f1,n1)r---»Y(fl»fr,lr---fr,n,))

for all f € CoEnd(X)(r)m,, fi € CoEnd(X)(n;)m, and f; j € CoEnd(X)(n;,j)n. Expanding the left
hand side of this we obtain

r ri r ! ! !
V V Gij M) o (\ sd™ ((fie, M) x v 0.5dM (1)) 0 sd™ M (f, Np) x (vt 05dNF (1)) (8)
i=1j=1 k=1
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where M = max{Nf”}lz,Er,lS]S,l and M' = max{Nf}h<i<r. Nowlet M; = max{M; j}o< <, and recall
that

_ . (M—M;)
(fM) = (f, M) oM

We may deduce from this that Expression (8) can be written

ro T
V V (fij Mov i 0 00 o (V/ s (i M) x v 050 (1)
i=1j=1 k=1

osd™*M (£, Np) x (vViort) 05d™ (12))).

This can be written

(v v (fij»Mi)o (v y MMy osd™ ((fe, M) x viM) o sd (1))
=1

M VT m
i=1j=1 sd™ (XVTk x AM™)

osd™*M ((f, Nyp) x (Vi) 05d™ (m2))).

Using the commutativity of Diagram 7 we see that this is equal to

(V V(f,].M)) (Vdek((fk MY x VM) o sd™ (m5)) oM ME )
i=1j= sd k(XxAM)

osd™*M (£, Np) x (vt osd™ (12))).
Once again using Diagram 7, we can rewrite this as

M+M'~M;-Mj,

r ri
v \/(fl]’M))OSdM'((fz’Mfl)x(V Mi) o sadMii (2,))) o v MM (e )

osd™*M (£, Np) x (Vo) o5d7 (12))).
The above expression is equal to

V (s fitseees fir) M+ M 0sd ™M (£, N e 0000 sy 058V (2.
i—1 S

By our argument on the last page, this is equal to

Y(ny(flyfl,lr---fl,nl)---;Y(fl;fr,l,---fr,n,))

as desired.

The identity element of the operad is ux : X — Ex*°(X). Verifying the equivariance axioms is
straightforward, it is almost exactly the same as verifying them for the topological coendomorphism
operad. Therefore we have defined an operad. O

It remains only to define simplicial coalgebras, which proceeds exactly as one would expect.

Definition 3.14. Let & be an operad in simplicial sets. We shall say that a finite simplicial set X is
a & -coalgebra if there exists an operadic morphism @ : & — CoEnd(X).

Lastly we define Ej,-algebras in Seta .

Definition 3.15. In simplicial sets, an E,,-coalgebra is a coalgebra over the W-construction of the
Barratt-Eccles Ej,;-operad.

3.2 Simplicial suspensions are E,-coalgebras

In this section, in direct analogy with Moreno-Ferndndez and Wierstra’s result in topological spaces,
we aim to show that simplicial suspensions are E,-coalgebras. The strategy of this proof is as
follows. First we transfer the little n-discs operad D, the topological coendomorphism operad
and the operad morphism between them ® into the category of simplicial sets using the simplicial
chains functor S.. We then use the homotopy transfer principle to lift this to a morphism from a
cofibrant replacement of D, to the simplicial coendomorphism operad.

The precise statement of the simplicial version of Theorem 2.5 is as follows.
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Theorem 3.16. Let neN and X" X be the n—fold suspension of a finite simplicial set X. Then 2" X
has the structure of an E,,-coalgebra.

Our proof of this theorem requires that the Cartesian product commutes with the geometric
realization functor. This is actually not true in general. Therefore, we shall need to restrict from the
category of all topological spaces to the category of compactly generated Hausdorff spaces and we
take our product to be the Kelley product.

We also wish to be able to transfer operads from topological space to simplicial sets. This is
made possible by the following definition.

Definition 3.17. Let & be an operad in Top. We define an operad S.% over Seta with arity n
component
(S.2)(n) :=S.(P(n)

where S. is the singular chains functor. The action of 0 € S,, on S.22(n) is given by S.2(n) * 0 :=
S.(P(n) = o). The operadic composition map is ys,s := S.(y#) and we take the unit to be the
simplex (A — ITopl € S.22(1).

Remark 3.18. The operad composition map in the definition above is well-defined because S.
is right adjoint to the geometric realization. This means that it preserves limits, and in particular,
products.

We can actually define S. (CoEnd-rop (1XD) to be an alternative coendomorphism operad. The
following theorem gives us a precise description of it.

Lemma 3.19. Let X be a simplicial set with only finitely many nondegenerate simplices. The operad
S.(CoEndTop (1X1D) is isomorphic to the simplicial operad Q(X) with arity r component equal to

Q(X)(r) := Mapgg, , (X, So|XV"]).
Let f € Q(X)(r)y, and let fi € Q(X)(n;)y, for1 <i < r. The operadic composition map
Y:QX)(r) x Q(X)(ny) x -+ x Q(X)(n;) — QX)(ny +---+ny)

is given by the adjoint under the Top-Seta adjunction of F: | X x A™| — | XYM+ * 1| where F is
defined by

[idxam| |fIxid

vr xid
X x A X x A x AL X x AT x AT S s, le” x| am 2
il Vi
|er|X|Am|£>|X><Am|Vr =1 V|S |XVI’l,|| 1%V V|erll| XVI’L1+ +n,
i=1
where

o dam: A — A" x A™ is the diagonal map.

e forY a topological space, the map ey :1S.(Y)| — Y is the counit of the adjunction between
topological spaces and simplicial sets.

e a:|Xx A" x A" — |X x A™| x |A™] is an isomorphism, as x commutes with geometric
realisation.

o DXV x|A™| — | X x A™|VT s an isomorphism, as both x and the wedge product commute
with geometric realisation.

o c:VI_ IXVM| — | XVMEH | s an isomorphism, as the wedge product commutes with geo-
melric realisation.

Foreach o €S,, thereisamap * : X¥ — XV given by permuting the terms of the wedge sum by o.
The symmetric structure on Q(X)(r) is defined by post-composition with the morphism S.|o™*|.

Proof. We can write

S+(CoEndrop(IX1)(r) = S. Mapo, (1X1,1X 7)) = Mapg,, (X, S.|XV¥)).
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because, for all K € Seta and Y € Top, we have
HomTop(lAml,MapTop(lKl, Y))= HOInTop(IAmI x|K|,Y)

by tensor-hom adjunction. Here it is critical to distinguish between the simplicial mapping space
and the hom-set. We then have

Homop (IA™] x K], Y) = Homop (A" x K|, Y)
by the identity | X| x |Y| = | X x Y| and finally we have
HomTop (|A™ x K1, Y) = Homgey,, (A" x K, S.Y)

by adjunction.
Secondly, it remains to check that operad morphisms are as described in the statement of the
lemma. We can describe the induced operad structure on HomTop(IAm x X|,1xV™ quite easily.

For f € Homrop(IA™ x X|,| X" and f; € Homop (|A™ x X|,| X V") the composite Y (f, f1,... fn) is
the function

lidx6 m| fxid

F:|XxA™| IXx A x AT L X x A™| x |A™ =

vr m b mwvr Visthi 'y ovn € pvmaetn
IXVT] % AT =X x AT ———= \/ |XV"| = |X r
i=1

The isomorphism
G :Homser, (A™ x X, S.1X""[) = Homop (IA™ x X1, 1XV"))
can be written by

f'—'Eer O|f|.

Therefore the composition map is exactly as described. O

Remark 3.20. It is important to remark that this operad will usually have a different homotopy
type to the naive simplicial coendomorphism operad mentioned at the start of this section.

Despite Remark 3.20, the simplicial coendomorphism operad and the operad S. (CoEnd,, (1X1))
will be equivalent.

Lemma 3.21. Let X be a finite simplicial set. Then the simplicial coendomorphism operad and the
operad S.(CoEndrop (1X1)) are weakly equivalent.

We shall prove this by constructing a zig-zig involving a third operad, which we define will first.

Definition 3.22. Let X be a finite simplicial set. Then the mixed coendomorphism operad R(X) has
arity r component
R(X)(r) = Mapg, (X, Ex®(S.1XV")).

For each 0 € S, there is a map ¢* : XY — X" given by permuting the terms of the wedge sum
by 0. The symmetric structure on R(X)(r) is defined by post-composition with the morphism
Ex*°(S.|0*]). We shall define the operadic composition map using both the sd—Ex and the simplicial
chains-geometric realization adjunctions consecutively. Let f € Q(X)(r);, and f; € Q(X)(n;) , for
1 <i <r, then the operadic composition map

Y :R(X)(r) x R(X)(n1) x --- x R(X)(ny) = R(X)(my ++-- + 1y)

is defined to be F which is adjoint, under the sd-Ex adjunction, of the morphism, F : sd™/ (X x
A™) — S, | XVt CF s itself an adjoint, this time under the geometric realization —simplicial
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chains adjunction, of a morphism G : |sdN*/ (X x A™)| — | XV™++ | which we define to be the
composite

[sdN (S am)l

1sdN TN (X x A™) |sd™ (sd™ (X x A™) x sd™Nf (X x &™)

N(id x Nf
Isd7Gdxsd Tl N (sd N (X x A™) x sd™M (A™))] % [sdN (sdV (X x AT x A™)]

AN ((f,Nr) xid)
SCWAPAD | N (S XY x A L 18, 1XYT % A7 XY < A

Ifil
Via V|S|XV”l|| Yicrewen, V|XV”1|

i=1

i |SdN(XVl’ x Am)l i |SdN(er x Am)lvr

where

¢ N is the integer max(Ny,...,Ng,).

« and for Y a topological space, the map ey : |S.(X"")| — Y is the counit of the adjunction
between topological spaces and simplicial sets.

. 5stf(XxAm) :sd™Vr (X x A™) — sdMF (X x A™) x sdNF (X x A™) is the diagonal map.

e 7: X x A™ — A™ is the projection.

. a: |st(stf (X x A™) xsd™Nr (A™)] — |sdN (sd™7 (X x A™) x A™)] is the map | sd™ (id x v amo

OV N1 A Il

e b |st(S.|XV’| x A"™)| —[S.|XV"| x A™| is a homeomorphism, by Lemma 2.7, which states
that there is a homeomorphism & :|sd(Z)| — | Z| for every simplicial set Z (although this
homeomorphism is not necessarily natural for simplicial morphisms Z — Z7).

o C1]SJXYT | x A S | XV x A™ s the composite

lexvr|xid
—_—

1S XV x A L (S XV x |A™ IXYT % 1A

q, | XV x A™|
where p and g are isomorphisms as the Kelley product commutes with geometric realisation.

o d:|XV" x A™| = |sdN (XY x A™)| is the homeomorphism that exists by Lemma 2.7.

o e:]sdV(XV" x A™)| — |sdV (X" x A™)|VT is a homeomorphism because wedge product
commutes with geometric realization.

o [V IXVT]—|XV™MTF is a homeomorphism, as the wedge product commutes with
geometric realisation.

We now start the proof of Lemma 3.21.

Lemma 3.21. Since, by Lemma 3.19, the operad S.(CoEndT,,(1X])) is isomorphic to Q(X)(r), it
suffices to construct a zig-zag of weak equivalences

CoEnd(X) & R(X) L Q(x).
We define p(r) to be the morphism
Mapge, (X, Ex®(xvr)) : Mapge, (X, Ex™(X"")) — Mapge, (X,Ex®(S.|X""))

where vxvr : XV" — S.| X V7| is the unit of the singular chains — geometric realization adjunction.
Observe that Ex® (vyvr) : Bx®(XV") — Ex®(S.| X V") is a weak equivalence between fibrant simpli-
cial sets. Hence it is a homotopy equivalence, and the functor Mapg,,, (X, —) preserves homotopy
equivalences. Hence p is a weak equivalence.

It remains to check that it induces a morphism of operads. We check this directly. Note
first that Mapg,, (X, Ex*(uxvr))(f) = Ex®(uxvr) o f. Then observe that Ngxoy,.,)or = Ny and

max(Ny,,)ofir--» Nuyyriof,) =max(Ny, ..., Ng,). Then observe that the morphism

sdN (Bx® (wyvr)of,Ny) xid)

[sdN (sd™ (X x A™) x ATY)| [sdN (S.1X V7| x A
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factors as

sdN ((f,N)xid)
L sdV (XY x A™)]

sdN Wyvr xid)

IsdN (sdVf (X x A™) x A

Isd™ (S.1X V7| x A™)]

Moreover, having first observed that the following diagram is commutative

dN Wyvr xid)
1sdN 0 < amyf I GGN (5 x0T am)|

lh(XV'xAm lhs.\xmmm

| yvr xid)|

XV x A™)| ———  [(SJXY [ x A™),
where hy :|sd Z| — | Z| is the map that exists by Lemma 2.7, we see that the composite
IsdN (Wyvr xid)

1sdN (S XV x A L 18X VT x A

le xvr|xid
-

|sd™ (XY x A™)]

1S XY x| A XV 1A™] LX) A S sdV (X x AT

is an isomorphism by the triangle identities for the S.—| — | adjunction. Explicitly, the (left) triangle
identity for an adjunction L 4 R with unitn: idx — Ro L and counite: Lo R — idy states that the
natural transformation of functors defined as the composite

L L
L2 IRLE L
is the identity transformation. Upon further observing that, for the same reason, the composite

V;=1|E (Uer) fl r

Isd™ (X x A™)VT V 1S, X V|| =X MEL V | XV

is exactly the map
VI Ifil T

VXY,
i=1

it becomes obvious that y commutes with p, and so p is a weak equivalence of operads.
Similarly, we define g(r) to be the morphism

|sd™ (X x A™)|VT

Mapge,, (X, s, xvr|) : Mapge, (X, SJXV) — Mapge, (X, Ex*°(S.|X"Y"))).

This is a weak equivalence of simplicial sets for exactly the same reasons that p(r) is. Observe that
Nyi(p = 0forall f e Q(X)(r). It follows from the form of the operad maps that the morphism g
identifies Q(X) with a suboperad of R(X)(r). In particular, g is a morphism of operads, and so a
weak equivalence of operads. O

Finally, we can prove the main result of this section.

Theorem 3.16. Let " X be the n—fold suspension of a simplicial set X. As |[ZX| is CW-complex, it
isin Top. Suspensions are a particular kind of finite limits, and the geometric realization functor
commutes with finite limits, so suspensions commute with geometric realization (alternatively,
see [5]) and thus that |X" X| is a coalgebra over the little n—discs operad in Top. This coalgebra
structure is an an operadic morphism ®:D,, — CoEndTop(IZ"X |). As discussed above, we can use
S. to transfer these operads and this algebra structure to the category of simplicial sets, producing
the following morphism of operads

S.(®): S.(Dy) — S.(CoEndrop IZ" X))

Lemma 3.21 tells us that there is a weak equivalence between CoEnd(X) and S.(CoEndo, (12" X1)).
Observe that in each arity CoEnd(X)(n) is a mapping space where the target is a Kan complex,
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hence Kan itself and a fibrant operad in the operadic model structure. By its construction, in each
arity S. CoEnd,p (12" X]) is a singular complex and thus as an operad it is also fibrant.

Since we have a weak equivalence between fibrant operads, over the cofibrant replacement
(S.Dy)eo of S.D,, we have an induced bijection between the homotopy classes of morphisms of
operads

[(SeD1)oor COENdser,, (2" X)] = [(SeD ) oo, Se COENd o, (IZ" X )],

So we can choose a morphism ¢ : (S.D)o — CoEndse, (X" X), such that ¢ is homotopy equivalent
to S, ®.

Finally to prove that n-fold suspensions are E,,-algebras it suffices to note that all topological
operads are fibrant and so the weak equivalence between the little n-discs operad and the geometric
realization of the Barratt-Eccles E,;-operad remains one when taking the S. functor. The Barratt-
Eccles E,-operad I'™ is weakly equivalent to S, ||, and in particular, (S.D,,)s can be taken to
be the Boardman-Vogt resolution of I'"?; the operad W (A!,T) which we shall compute next. [

4 Examples of the Berger-Moerdijk W -construction

This section describes what the W-construction looks like in practice in simplicial sets. We start by
discussing associahedra (sometimes called Stasheff polytopes); an infinite sequence of topological
polytopes. These were originally discovered by Dov Tamari in his unpublished 1951 PhD thesis
[16] (but later independently rediscovered by Jim Stasheff [15]), and significantly predate the study
of model categories. Nonetheless the arity # component of the Boardman-Vogt resolution of the
associative operad in topological spaces takes the form of a disjoint union of associahedra. We
shall informally describe the calculation of these associahedra in low arities before stating some
features of the general case. This section is primarily for intuition, as we shall then move on to
studying Boardman-Vogt resolution of the associative operad in simplicial sets. Here, we shall do
the low arity calculations by hand, before giving a complete combinatorial description. What we
end up with is a simplicial set that can be realized geometrically as an associahedron (though we
do not prove this). Finally, we shall treat the W-construction applied to the Barratt-Eccles operad.

4.0.1 Topological associahedra

Recall that in Top the unit is just the one point set * and that the topological associative operad is
defined by
Assoc(n) :=|_|*.
Sn
In other words, it is just a discrete collection of points equipped with the free action of S,,. As we are
working in topological spaces, it is immediately apparent that this is S-cofibrant and well-pointed.
In Top one can verify that [0, 1], equipped with the maximum operation

max: [0,1]®[0,1] — [0, 1],

satisfies the axioms defining an interval. Thus W ([0, 1], Assoc) will be a cofibrant replacement for
Assoc.

Assoc is a reduced operad so by Remark 2.28 we do not need to consider trees with unary
vertices. Also, Assoc(0) = @, so if T has a vertex with no incoming edges Assoc = @, so we can ignore
these trees as well. So when n = 2, the trees with n inputs that have the most internal edges are
the binary trees with n — 2 internal edges. Every other possible tree can be obtained from these via
contraction.

Explicitly when n = 1,2, the largest tree with n inputs has no internal edges so W ([0, 1], Assoc)(1)
is a point and W([0, 1],Assoc)(2) is a pair of points. The symmetric group acts on these in the
obvious way.

When n = 3, we have three trees to consider. Two of these are binary trees and we also have f3.
The two binary trees have 1 internal edge and thus produce intervals. The tree #3 which produces
a point which is identified with 0 of both intervals. Thus it glues both intervals together. In fact,
there will be 6 such intervals and the action of the symmetric group is just to permute them.
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Figure 3: The small associahedra (reproduced from [10])

When n = 4 we have 5 binary trees with 2 internal vertices. These all produce [0,1]?. These
connect along 5 trees with 1 internal vertices, which means that these glue along a lines. Finally
these glue along a single tree f; with no internal vertices. The final result is pentagon. Of course,
there are 4! = 24 such pentagons and the group S, acts by permuting them.

In higher dimension W ([0, 1], Assoc) (n) will consist of n! disjoint n — 2 dimensional polytopes.
These will each have

1 (2 n)
Cn=
n+l\n

vertices, as this is the number of binary trees with 7 vertices. This polytope is known as the n'"
associahedra .#,. Figure 3 displays %}, for n =2,3,4,5.

To describe the operad structure on W ([0, 1], Assoc), select a point x within the polytope £}, and
one point x; each in the polytopes £}, for k; € Nand 0 < i < n. Then x has coordinates (j,... jn-2)
the (n - 2)-cube H(T) for some binary tree T and the x; will have coordinates (ji 1,... jik;,-2) the
(n—2)-cube H(T;) for some binary tree T; with k; leaves. Consider the tree S = y1(T, T3, ..., Ty).
Then let y is the point

v Jn=2 Ju1 - J1 k=20 Jnjhey-2 1o, 1) € H(S)

Here we have adopted the convention that the first 7 coordinates correspond to the internal edges
of S that come from T, the next k; are those coming from 7} and so on. The final n points come
from the newly created n internal edges of S which occur where the T; have been grafted onto 7.
We have set all of these values equal to 1. Finally we recall that H(S) has a canonical embedding
into A, +...+k,. We thus have that y(x, x1,..., x,,) is the image of y under this embedding.

4.0.2 Simplicial associahedra

In the category of simplicial sets, A° is the initial object and the monoidal product is x. Our first
step shall be to show that A is an interval in Setx .

Lemma 4.1. The standard 1-simplex is an interval in Setx .

Proof. There is a diagram of the form

ALAd 3y Al =y AD

The weak equivalence is just the terminal morphism. The cofibration is given by the pair (0,1). The
map 0 corresponds to the morphism given on nondegenerate simplices by

{0} — {0}

and the map 1 corresponds to
{0} — {1}.

The morphism v : A! x Al — Al is the maximum operation (ie. the operation induced by the
maximum operation on the set [1]). It is easy to check that that diagrams appearing in definition
2.15 commute. O
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Figure 4: The arity 3 trees with one internal edge

Definition 4.2. The associative operad in simplicial sets is given in arity n by

Assoc(n) := |_|A0.
Sn

equipped with the free action of S,.
The very low arity calculations are trivial.

Example 4.3. In arity 0,1 and 2, there are no trees to worry about other than the trivial one, the
corolla. It follows immediately that

W (A, Assoc)(n) = Wy (A, Assoc) (n) =|_|A°.
Sa

forn=0,1,2.
Remark 4.4. One can easily check that
H(T) x Assoc(T) x aur(r) I[Sy] = H(T) x Assoc(n).
This immediately implies that
W(Al,Assoc)(n) = A, x Assoc(n)

for some simplicial set £7,. In other words W (A, Assoc)(n) consists of ! copies of the simplicial
associahedron %,,. We have not yet seen any fully worked out examples of the W-construction.
Therefore in the next two examples, we shall ignore this ‘obvious’ simplification in the interests of
gaining fluency with the computations involved. We shall return to it in the proof of Theorem 4.11.

Example 4.5. The first nontrivial case is 7 = 3. To begin with we have

Wo(A',Assoc)(3) =|_|A°.
S3

This comes equipped with a map
Qg (H(13) x ASS0C(#3)) X Aur(rz) 1[S3] — Wo(Al,Assoc)(S)

We observe that the domain and codomain of @, are Assoc(3) and we recall from the previous
section that a4, is defined to be the identity on Assoc(3). To compute W; (A, Assoc) (3) we must
consider the trees with one internal edge and three input edges. These are the two binary trees
which are illustrated in figure 4. We shall first study the tree on the left, which we shall denote T.
Because there is only one internal edge, we have that H(T) = A and H(T)~ = A°. The cofibration

H(T)” — H(T)
given by the map 0: A? — Al. There is a partial operad composition map

o7 : Assoc(2) x Assoc(2) — Assoc(3).
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Figure 5: The simplicial set W(A!, Assoc)(3)

WYY

Figure 6: The arity 4 trees with one internal edge

Combining these we obtain
ay: (H(T) x Assoc(T))~ xaur) I[Sn] — Wo(A', Assoc) (3)
as idxo x o1. We also have a map
rr: (H(T) x Assoc(T)) ™ xaut(r) 11Sp] = (H(T) x Assoc(T)) x autr) IS

induced by the 0 map. We can repeat this analysis for the right tree S in Figure 4. The only difference
is that the partial composition operation is now oy. To finish calculating W; (A, Assoc)(3) we now
must calculate the pushout appearing in Equation (6). The result is the simplicial set appearing in
Figure 5 tensored by | s, A°. The simplicial set in the figure consists of three 0-simplices, one of
which is associated with the 3-corolla. There are two nondegenerate 1-simplices, one associated to
S and the other to T. These have the property that if we apply dj to either of them, the result is the
0-simplex associated to #3. The result of tensoring by | |s, A is that we have 6 disjoint copies of
this simplex, each labelled with an element of S3.
Recall that the pushout also gives us maps

ar: (H(T) x Assoc(T)) X auer) I[1Sn] — Wo(Al, Assoc)(3).

One observe that (H(T) x Assoc(T)) xaut(r) I[Sn] is simply 6 copies of H(T) indexed by S3. The
map a7 consists of mapping each copy of H(T) to 1-simplex on the right via the identity map in the
appropriate (meaning labelled with the same element of S3) copy of Figure 5. There are no larger
trees with three input vertices, and thus we conclude that W; (A, Assoc)(3) is also W(A!, Assoc)(3).

Example 4.6. Moving on to the n = 4 case, we have as before that

Wo(Al, Assoc) (@) =|_|A°.
S4

This comes equipped with the identity map
ay, 2 (H(t4) x Assoc(t4)) % Aur(zy) 1[S4] — WO(AI,Assoc)(4).

There are five trees with four input vertices and one internal edge. These are shown in Figure 6.
We can repeat the analysis appearing in the case n = 3 to build W; (A!,Assoc)(4). This results in 4!
copies of Figure 7, with these copies indexed by S4.

Finally, as we can see from Figure 8, there are five trees with four input edges and two internal
edges. We shall study the tree T on the far left of the figure. We have labelled its internal edges
by a and b. We shall denote the tree obtained by collapsing a by T, (resp. b by T},). We have that
H(T) = (AY) 4 x (A'), where here (A'); means that this is the component of H(T) associated to the
internal edge x. H(T,) = Ho(T) = A} and H(Tp) = Hy(T) = A} embed into H(T) in the obvious
way. Finally H(t) = A% embeds into H(T), H(T,) and H(T}) via

{0} — {0}.
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Figure 7: W; (A, Assoc) (4)

o

Figure 8: The arity 4 trees with two internal edges

The morphism

idassoc2) % ©1 : Assoc(2) x Assoc(2) x Assoc(2) — Assoc(2) x Assoc(3)

is the map Assoc(T) — Assoc(T,) and oy x idassoc(2) is the map Assoc(T) — Assoc(Tp). These maps
together describe the map

az: (A u Ay A% x Assoc(4) — Wy (A, Assoc) (4).
We also have the obvious embedding
rr: (AL U A} A% x Assoc(d) — Al x A} x Assoc(4).

Taking the pushout, we obtain the part of W (AL, Assoc)(3) corresponding to 7, as illustrated in
Figure 9.

Doing this for all the trees in Figure 8 we obtain the Figure 10. In the diagram we have placed
the label for each H(T) at the terminal vertex (see Definition 4.10). There are no trees of arity 4
with more than two internal edges, so we conclude that W (A, Assoc) (4) is 24 copies of Diagram
10, each indexed with an element of S4.

Definition 4.7. A directed graph ¥ is called transitively closed it satisfies the condition that

(a,b),(b,c) € E(9) = (a,c) € E(9),
>§o —>
\¥/ —> e

Figure 9: Part of W, (A, Assoc) (3)
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Figure 10: W (A, Assoc)(4)

where E(G) is the edge set of the graph. In other words, if there is a directed edge from vertices a to
b and another from vertices b to c, then there is a edge from a to c.

A transitively closed graph can be regarded as a category.

Definition 4.8. Let ¢ be a transitively closed graph. We define a category ¢ with objects given by
the vertices of ¢ and with

{id} ifa=>b.

Hom(a,b) =X @ ifa# band (a,b) ¢ E(9).
{(a,b)} ifa#band (a,b)c€ E(¥).

The composite of the morphisms (a, b) and (b, ¢) is (a, ¢).

Before describing W (A, Assoc)(n), it will be necessary to understand the combinatorial struc-
ture of (A1)*".

Lemma 4.9. Let.¥ be a directed graph on 2" vertices, each labelled by a sequence of length n with
elements in {0,1}, and such there exists an edge V(g,,¢,,...0,) 10 V(ry,10,..,1,) If and only ifo; < T; for
alli. Then this graph is transitively closed and

.....

(A" = N (F)

Proof. Each 0-simplex of (A')*" is of the form o1 x 03 x - -- x o, where ¢; € [1]. There is a 1-simplex
pE (alhyxn such that dy(p) =01 x0y x---xo,and dy(p) =71 x T2 x---x T, ifand only if o; < 7; for
all i. For m = 3 the non-degenerate simplices of (ADH*™ are

((AI):H”)”d = {8(q1) (01) X 5(g,)(02) x -+~ x 5(4,)(@n) :m>q; =0and q; # q; when i # j}

where 6; is the 1-simplex in the jth copy of Alin the product, where sx) = Sp—1Sp—2 Sk -+~ So and
we use the notation % to mean that we omit x. The nondegenerate simplices of A4 (.#),,, will be the
simplices of the form

(O11 %= x01p)00(Om1 % X OTmn)

where

hd O','JEA%.
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» foreach i € [1,m], there exists a unique p(i) € [1, n] such that o; p(;) = id.

* fix j € [1,n] and suppose that there exists g(j) € [1, n] such that ¢4, ; = id. Then for all
i>q(j),0;;=so(1)andforall i < q(j), o;; = s0(0).

Then there is a function
_ Lox
[N () — (A8
(011 %= x0T1p)0 -0 (@1 X+ X Omyn) = Spy-1) (Ad) X -+ X §(p(n)-1) (id)

One can check that this extends to an isomorphism of simplicial sets between A4 (.#) and (A1)*".
O

Theorem 4.11. Let¥ be the directed graph on

3P;-13)—Py-2(3)
4n

vertices, where P,, is the n'" Legendre polynomial and where each vertex vy is labelled by an n-ary
non-unital tree. The edges of ¢ are defined as follows; there is a directed edge from vt to vs if and
only there exists D < E(S) such that T = S/ D. Then this graph is transitively closed and

w(Al,Assoc)(n) =|_| N (D)
Sn

where the action of' S, given by permutation of components of the disjoint union.

Remark 4.12. Recall that the Legendre polynomials P, (x) are a system of complete and orthogonal
polynomials, indexed by the positive integers and defined inductively by setting P;(x) = 1 and
requiring that f_ll P, (x)Py,(x)dx =0 for all m < n. The sequence

_ 3Pn—1(3) _Pn—2(3)
- 4n

ap

is known as the little Schroeder numbers (OEIS sequence A001003 [9]). In particular a,, counts the
number of non-unital n-ary trees, for a proof see [14].

Proof. First, we make the observation that H(T) x Assoc(T)) xaut(r) I[S,] is isomorphic to H(T) x
Us, AL, The simplicial set W (AL, Assoc)(n) therefore has the form

| |#n (or &, x Assoc(n))
Sn

where £, is a simplicial set that remains to be computed. We shall do this by induction. Our
inductive hypothesis shall be that W; (A, Assoc)(n) admits the following description.

Let #¢; be a directed graph with vertices indexed by the set of trees with n input edges and i or
fewer internal edges, and such that there exists a directed edge from vt to vs if and only there exists
D < E(S) such that T = S/D. Then

Wi (Al Assoc)(n) =|_| AN (A7)
S

Moreover we assume, letting % be as in Lemma 4.9, that the map at is A (Br) where

pr:S — H;
is the map which sends the vertex in % indexed by the binary sequence (01,...0}) to the vertex in
JE; indexed by the tree T/ F where F = {e; € E(T) :0; = 0}.

Firstly, when i = 0, we have that Wo(Al,Assoc) (n) = Assoc(n). So our hypothesis holds in the
base case.
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Secondly, recall that the following diagram, which is a specialization of 6, is a pushout

a7
Uiy, reTnksn) H™ (T) x Assoc(n) — Wi(Al,Assoc)(n)

| l

U
L7, TeT i+ 1) H(T) x Assoc(n) —— Wi, (A, Assoc)(n)

Without loss of generality, we can ignore the symmetric action. This is now exactly what we wish to
show because for each T € T(n, k + 1) we have

¢ The simplicial subset
ar (H(T)) € Wi1 (A, Assoc) (n)
has exactly one vertex, the terminal one, which is not in Wi (AL, Assoc) (). We define this to
be the vertex vr.
e Let o € Wiy (AL, Assoc)(n) be a 1-simplex. Then d; (o) = vr if and only if dy(0) € a7 (H(T)),
that is, if dy (o) is indexed by a tree S such that there exists D € E(T) such that S=T/D.

e ByLemma4.9, ar (H(T)) = ah xk+1 g equal to JV(}). One can show that the nerve functor
preserves small coproducts in the category of small categories. So

Wis1 (AL, Ass0C) (1) = N (Hps1)

as desired.

Therefore, our inductive hypothesis holds for i = k + 1.
Finally, as noted in Remark 2.28, the construction of W(AL, Assoc)(n) relies only on n-ary trees
with no unitary vertices. Therefore our induction terminates once we reach W;,_, (A1, Assoc) (n).
O

4.1 The cofibrant version of the Barratt-Eccles E,,-operad

This subsection is dedicated to giving a concrete description of the Boardman-Vogt resolution of
the Barratt-Eccles Ej,-operad. The 0-simplices of the Barratt-Eccles operad are the same as those
of the associative operad, so some of our analysis in the last subsection carries over. The new
feature is that we now have non-degenerate simplices in dimension greater than 0. These behave
in a more complicated fashion. More precisely, as we saw above, each tree in T with k internal
vertices is associated to n! copies of the k-cube H(T) in the associahedron, indexed by S,,. We
are also to show that there is a subset K7 of S, associated to T. Every i-simplex o in I'® (n) has
i+ 1 vertices, which are elements of S,. If all these vertices are in K7, then o x H(T) is a simplex in
W(Al,l“(k))(n). Let us begin.

Definition 4.13. Let T be a tree with n input edges and k internal edges. Let T' be a tree given by
collapsing one of its internal edges d. Then there is a group homomorphism

fa: Aut(T) — Aut(T")

given by partial composition in the associative operad at the collapsed edge d. Since Aut(t,) =Sy,
iterating this procedure until we arrive at the n-corolla induces a map

Fr:Aut(T) — Sy,.

One can easily check that this map is independent of the order in which we collapse the internal
edges. The image of Fr will be a subset of S, which we call the subset associated to T.

Example 4.14. Consider the left tree in Figure 4. We know that Aut(T) =S, x S, and the map Fr
is given by the map o; : S» x S» — S3. The subset of S3 associated to T will be the permutations

{e,(1,2),(1,2,3),(1,3)}

Similarly the relevant map for the right tree in the figure would be o,. The subset of S3 associated
to this tree will be the permutations

{e,(1,3),(1,3,2),(2,3)}
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We shall can now give our description of the Boardman-Vogt resolution of the Barratt-Eccles
Ep-operad W (AL, T(),

Notation 4.15. Consider W (AL, Assoc) as described in the previous section. Recall that, for each
T € T(r) there is amap

ar: H(T) x Assoc(T)) xaurcr) I[Sr] — Wr(AI,Assoc)(r) — W(AI,Assoc)(r)..

Further recall that H(T) x Assoc(T)) xauyr) I[S;] = S,. Under this identification, for each o € S,
we define
H(T)g:=ar(H(T)x0o) c W(Al,ASSOC)(r).

Theorem 4.16. Let n > 0 be an integer. The Boardman-Vogt resolution of the Barratt-Eccles Ej, -
operad W (A',T'") admits the following complete description.

o The simplicial set W (A, T"™) has a simplicial subset isomorphic to W (A', Assoc). This subset
contains the entire 0-skeleton ofW(A1 Ty,

e Leto=(01,...,00) €T"™. Let T € T such thato; € Ky, for0< i < k. Then G. =0 x H(T) isa
simplicial subset of W (AY,T™) such thato; x H(T) = H(T),, for0<i < k.

e FEvery simplex of W; (AL, TUY (1) is in either W(AL, Assoc) or one of the G‘;.
Before we prove this result, we shall briefly illustrate what it means in practice.

Example 4.17. Consider the simplex o = (e, (1,2)) € I'(3);. The permutations e and (1,2) are in Ky
where T is the tree

The simplicial subset G, is therefore the red part of the following diagram.

o#e—)o

L1

o i (L2) —>

where the top line is the associahedron with index e and the second line is the associahedron with
index (1,2).

Proof. By Remark 2.28, the construction of W (A, T)(r) relies only on r-ary trees with no unitary

vertices. We shall use induction on the number i of internal edges of these trees. To be precise, we
shall assume that W; (A1, T () admits the following description.

* The simplicial set W;(A!,T()(r) has a simplicial subset isomorphic to W;(A!,Assoc)(r).
This subset contains the entire 0-skeleton of W; (AL, T™)(r).

e Leto =(0y,...,01) €T"™. Let T € T(r,i) such that 0 j € K, for 0 < j < k. Then G = H(T) x 0

is a simplicial subset of W (AL, T™) such that H(T) x oj= H(T)gj for 0 < j < k. Moreover,

the map ar is induced by the identity map H(T) x o0 — G7. for all o € I'")(T).
* Every simplex of W(A',T™) is in either W(A',Assoc) or one of the G.

First observe that
Wo(AL, D) (1) :=T(r).
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Since K;, = S, our hypothesis is true when i = 0. Next, suppose that it is true when i = k. Then

Uaz
Uiz, reT k1) (H x TP) 7 (T) ) pueery 11Sr] ——— Wi(ALT)(r)

l |

]
Uz, reteksn (HT) x TO (1)) x auecry 11Sr] —— Wiyr (AL, TO) (1)

Leto = (0, ...,0%) € T, Then one can easily show that o € W(T) ifand onlyifo; € K7 for 0 <

i < k. Therefore |7, 7et(rk+1) (H(T) x TU(T)) x auecry 1[S+] is the union of two kinds of simplicial
sets.

* We have a (k- 1)-cube H(T) x (0¢) for each tree T € T(n, k + 1) and each 0-simplex g € T,
* We have a simplicial set H(T) x o foreacho €T’ (M guch that the vertices of ¢ lie in K7

By our inductive hypothesis, the simplicial subset

( LI ar)(UH(T)x(ao))ngH(AI,r("))m
[T, TeT(r,k+1)

00ES,

will be isomorphic to Wy (A, Assoc) (r). The second type of simplicial subset are exactly the
subsets of type 2. O
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