ON A CONJECTURE OF DOTSENKO ON WEAK NILPOTENCE AND THE ENGEL IDENTITY

OISIN FLYNN-CONNOLLY

ABSTRACT. By means of Al-assisted computer algebra, we give examples of commutative but nonassocia-
tive algebras satisfying the identity #4 = 0 such that neither the 7 nor 8-Engel identity holds. This resolves
one conjecture of Dotsenko in the negative, and confirms a second. Conversely, we show that 74 =0
implies the 9-Engel identity. Together these show that 9 is the least integer m for which #4 = 0 implies the
m-Engel identity.

1. INTRODUCTION

Let A be a vector space over a field of characteristic zero, equipped with a commutative but not
necessarily associative binary operation. One defines an n-linear operation #,(ay, ..., a,) as the sum of
all distinct multilinear terms of degree n that one can define using said binary operation. For instance:

ty(a,b,c,d) = alblcd]] + allbcld] + al[bd]c] + [ab][cd] + [ac]l[bd] + [ad][bc] + [a[bd]]c
+ [a[bclld + [[ab]cld + [[ac]bld + [[abld]c + [[ad]b]lc + [alcd]]1 b+ [[acld] b + [[ad]c] b.

If ¢; is identically 0 for all i = n, we say that A is weakly nilpotent of index n. We also define the k-Engel
identity to be the following:

ek(x,J/) = [...[xy]...y] :0’
| ——
k copiesof y

ie., if it is identically 0 on an algebra A then k-fold iterated right multiplication by a fixed element y is
always nilpotent of index k. Ternary variations of these conditions appear in Yagzhev’s reformulation
of the Jacobian conjecture, see [1, 5] for more details’.

Dotsenko [2] considers the case where A is allowed to be non-commutative; using computer algebra
he showed that that the non-commutative analogue? of the #; = 0 identity, w4 = 0 implies the 7-Engel
identity. Based on this intuition, he conjectures the following:

Conjecture 1.1. [2, Conjecture 5] Let A satisfy the #; = 0 identity. Then A also satisfies the 7-Engel
identity ie., for all x, y € A one has e7(x, y) = 0.

This conjecture is false. We phrase this as a theorem.

Theorem 1.2.

(1) There exists a 17-dimensional algebra A satisfying the ty = 0 identity for which there exists
a,be A withe;(a,b) #0.

(2) There exists a 22-dimensional algebra B satisfying the t, = 0 identity for which there exists
a,be A witheg(a,b) #0.

Using the same algebra A as in the theorem above, we confirm the following conjecture of Dotsenko.

Corollary 1.3. [2, Conjecture 4.1] Suppose A satisfies the t, = 0 identity. It is not necessarily the case
that t5 = 0.

IThis article was written some weeks before Alpdge announced a counterexample to the Jacobian conjecture in July 2026.

Znote that in the non-commutative world there are more distinct multilinear terms of degree 4
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The strategy behind both examples in Theorem 1.2 was to generate the free commutative, nonasso-
ciative algebra on two generators bs, by satisfying t; = 0 and compute quotients thereof to obtain small
examples. We used Claude Code to write this implementation.

The same strategy can be used to produce the proof of the following which can be also verified by a
relatively small program in Macaulay?2.

Theorem 1.4.

(1) Let A satisfy the t3 = 0 identity. Then A also satisfies the identity e3 = 0.
(2) Let A satisfy the ty, = 0 identity. Then A also satisfies the identity eq = 0.

The proof of both statements involves writing ey as a sum. In the first case, this involves four terms
and can be verified by hand while in the latter it involves 482 terms and requires computer algebra
software to verify. In light of Theorem 1.2 the above theorem is sharp. This suggests the following
modified conjecture. We remark that part (1) has previously been shown in [3].

Conjecture 1.5. Let A satisfy the £, = 0 identity. Then A also satisfies the 3¥~2-Engel identity ie., for all
X,y € Aone has ez (x,y) =0.

We were unable to verify the t; = 0 version of this conjecture using the same method in a reasonable
amount of time or memory, as the number of binary trees providing generators of the free algebra on
two generators grows factorially and one would need to look at trees on 27 nodes, but we could can
provide counterexamples similar to Theorem 1.2 for k < 13, showing that these do not suffice.

Finally, we make a comment on the methods of this paper. We believe the results illustrate that
large language models can be useful coding assistants for practitioners in nonassociative algebra (and
algebraic topology), enabling fast design of custom software for explicit computation of examples
and counterexamples. We believe that this suits a particular genre of search-based problem, where
auxiliary software used in the problem is permitted to be of arbitrary complexity and is not required
to be correct, but the output can be checked by programs simple enough to be human-audited. For
instance, in this case, the examples and derivation can be checked in the form of relatively short
Macaulay? files.

Al use disclosure: Claude Code (using the Opus 4.8 model) was used to produce all of the software
used in the production of this document. It was not used in the writing of the paper itself other than
for spell-checking purposes and the formatting of the expression in Appendix A.

2. THE MAIN RESULTS

In this section, we prove both theorems from the introduction.
Theorem 2.1. There exists a 17-dimensional algebra A satisfying the t, = 0 identity for which there exists
a,be A withe;(a,b) #0.

Proof. The following is the multiplication table for the counterexample. Let A be the commutative
nonassociative Q-algebra with basis by, ..., b1 and commutative product b;b; = bjb; given on the
nonzero products by

boby = b bobis = —1bie bobs = —2bg— by
boby = by bobis = %bis babg = by
bob, = —1bs biby = b3 baby = bis
bobs = —4by biby = by babyo = bie
bobs = bs bibs = by bobii = —3bie
bobs = by bib; = bn bsbs = —4bip—8bn
bob; = bg bibg = b2 bsbs = —2bis
bobs = —3bio—3bn biby = b bsb; = -2bis
boby = bio bibyo = 4biy bsbg = bie
bobio = b2 bibyy = -2bu bybs = 4bi2+ b3
bobiy = -2biz—3bis  bibiz = 3big bybs = 2bs
bob1z = 2bu+3bis bibis = -2bie byb; = 3bis

bob1z = -8bia—2bis
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all other products of basis vectors being 0 and extended bilinearly. The identity #, = 0 has been verified
via a Macaulay?2 script by showing it on basis elements. Since it holds on basis elements, it holds on
the whole algebra by multilinearity.
Set x = bs and y = by. Then
e7=[-[xyl---yl = b
——————
7 copies of y
In particular the 7-Engel value e;(x, y) = % bis # 0, while t4(a, b,c,d) =0forall a, b, c,d € A. Thus this
is a counterexample. O

Theorem 2.2. There exists a 22-dimensional algebra B satisfying the t, = 0 identity for which there exists
a,be Awitheg(a,b) Z0.

Proof. The t4 =0 and eg # 0 counterexample is produced similarly as in the previous theorem:

boby = b bobig = —3bao bibig = 1byn

boby = b2 boby = 3ba bobs = —bg—2byo—bn

bob, = —3bs biby = b3 baby = b7

bobs = —4by biby = by babyo = big

bobs = bsg bibs = by bab11 = big

bobs = bs bibs = bn babis = —1 by

bob; = b bib; = b3 babig = 1bx

bobs = bio bibg = b bsbs = —4bjp—4b13—8byy
bobyy = —% by - % b1 biby = bis bsb; = 12b17+64b1g+16b1g
boby1 = b2 bibyo = bis bsbg = —6b17—32b1g—10by9g
bobi2 = bie bibiz = —-bi7—4big—2byg bsbyo = b2
bob1is = -—bis bibis = —-4bi7-16big—4by9  bsbiz = b
bobis = -2bis bibis = 3bi7+14b1g+4big bybs = bis+4big
bobis = —bi7 bibis = —3% by bybs = —b17—6b1g3—2b1g
bobis = ibiz+2big+3biy  bibiz = by bibs = b
bobiz = —bao bibig = —3bn bibig = —3bn
bobig = by

all other products of basis vectors being 0 and extended bilinearly. As above, the identity #; = 0 has
been verified by a Macaulay?2 script on basis elements, and holds on all of A by multilinearity.
Set x = bs and y = by. Then

eg = [...[xy]...y] = —1—16 b21
| ——
8 copies of y
In particular eg(x, y) = —%6 by1 # 0, while t4(a, b, c,d) =0 forall a, b, c,d € A and so we can conclude.
O

We remark that our second example alone is enough to refute [2, Conjecture 4.1].

Remark 2.3. These examples were generated by first constructing (a truncation of) the free commuta-
tive, non-associative algebra by the elements by and bs, We then construct a quotient of this algebra by
the #; = 0 relation, and observed that the relations did not hold in the free algebra. We then reduced to
produce the more tractable examples above.

We now resolve the second conjecture of Dotsenko.
Corollary 2.4. Let A satisfy the ty = 0 identity. It is not necessarily the case that t5 = 0.
Proof. One computes t5(by, by, by, bo, by) = 30bj. O

Remark 2.5. An alternative proof runs as follows; in [4], just before the proof of Theorem 5, it is shown
that if #4 = t5 = 0 in A then the 5-Engel identity holds. As the 5-Engel identity does not hold for 4, it is
not possible for the t5 identity to hold.
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Next, we verify the second main result of this paper:

Theorem 2.6.

(1) Let A satisfy the t3 = 0 identity. Then A also satisfies the identity e3 =0
(2) Let A satisfy the ty = 0 identity. Then A also satisfies the identity eq =0

Proof. To prove the first claim, it is easily checked by hand that:

1 1 1 1
e3(x,y) = Zts(xy,y,y) - Zts(yz,x,y) + Z[tg(x,y,y)~y] + E[ts(y,y,y) - X]

Thus if #3 is identically zero then so is es.

The strategy behind the second proof is similar, except we write the eg in terms of the #; term.
However, instead of being a sum of four terms it is rather a sum of 482 terms and thus not checkable by
hand. We give this derivation in Appendix A. The actual verification is done via the computer algebra
system Macaulay?2. O

Remark 2.7. We conclude by remarking that, by direct inspection of the coefficients appearing in the
proofs, all results of this paper are true for fields of characteristic greater than 7 and our counterexam-
ples are true for characteristic greater than 2.
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Appendices

A. FORM OF eg IDENTITY

In this appendix we give an expression for eg in terms of #4. This identity was verified by Macaulay2.
This is unlikely to be the shortest length such expression.

eq(x,y) = 1035 [y - [t (y, ¥°, ¥°, y (y2)) - Y]
4259030 [y-1y- [ty 3,y y(y(yx))) - Y11
700 [t4(3, 1, Y (y¥®), y(y2)) - Y]
875 y-ly-ly-ly-ltaly, 3,3, yx) - ¥l
+ 53 [y [y, 1YYy, x)- Y]
700[t4(y»y VY2, y(yx) -yl

- 125 [t (1 1, YY), yx) - ¥
1529

+ 31800 WV - - 1843, 3, 3, y(y2)) - Y1111
+ 87 1y, 3,72, Y (r0N) - Y]
1919

+ 22000 [V [t4(3, 3,5, 2 () - ]

—m[y-[m(y,y Y@y, %)yl

— B8y (13,5, 1, YA 0D - Y1)

— e (1, 1 Y %, y(y(y(y(yx))



- % -t 3, 3, ¥ (y(yx)) - Y1

J’_

— BBy [y 1y, ¥ y0) -1y Y1l

oy - [ty yy2 v -yl

2 4,92 YR 0) - ¥

+ P [y [y (143, 3, 3,y - Y1 - [y - ¥}
623003030 -t 3,3, (0 - [y~ 1y~ ¥l
900 -4y, 3, y (v - Ly - x11]

- m ts(3, 3, Yy, yx)

% [y-1y-[ta(y, ¥%, ¥, yx) - Y1l

+ 1055 (1, 1, Y (¥, y(y(yx))
13830 -y [y 1ta, 3, ¥% 20 - Ty -yl
1500 -ly-ly-lltaly, 3,3, %) - y1- Ly -y

+ s [y 1y [y y2 vy %) - 1

B8y ly-ly- a5y - Y1

—Zly-ly-yyyy-ly-ly-ly-«m

+ 26y (L1, 3,9, YY) x) - Y]
113

— 2500 e 1, 1 Yy (Y (y0))) - ¥l

L f4(y, VA vy, x)
3500 y-ly-ly- 1 y* y5 %) -yl

— e [y 114y, 1, 1, y Y (Y (yx)) - Y1
- Sy - a3,y y () - 1]
— e (1, Y2 yYA Yy (X))
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1400 [y-[y- [y [y [ta(y,y, y* %) -yl
+ 2= (1,1, ¥y, ¥ (yx)

+ 2= (1,1, Yy, y(yx)

+ iy - Iy Ly a1, 9, %) - YT
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—goo0 LV [y y1- 4y, y, 3,y - [y -y

9106090 -1, y,3y8 - ly-ly-ly-
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—s -y - any 0 - ly- Iy yliil



5250 u(y,y%, V2, yy (o))
- 2ty y @Y N, 0 -yl
— 225 - [y 14,y 3, Y9 - [y - [y - 211
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— 5255 (1, 1, ¥¥, Yy (Y (yx))

910"090 -y - (a3, 2 1y Y1)

2800 [y 1y [ta(, 3,y 2 %) - Y1l

— 38 13,3, 7, Y Y (y(y0N) - ¥l
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~ 2000 V- - Y1 1y - (a1, 3,3, yx) - Y1)
— mB -y Ly Ly, 3, y2 00 - Y1)
1800[[J’ -1y yy?) -yl
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- 2 (3,5 YA Yy () - Y]
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zﬁiﬁo y-ly-[ts (3, y2, y% ¥2) - 211
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Gg(l)go -1y, 3,y [y y)-ly- 2]
- m (3,33, Y7y (y(y0))
2100 t(, y% ¥y (yx))
— 3505 V- [y [ta(, 3, 3 ) - [y -y - [y - A1)
+ 3605 [y [ta(y, 2, ¥%, ¥ - [y - 211
3?230”4(%%%)/) y-ly-ly-ly-ly- <111
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.
v
+
+ o000 W - y-ly-tay, y, 3, ¥) - y1-x1111
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-5 [ y, ) - [y Y111y - [y [y - 201
+ 10555 14 1, 1, Y (y (P 1))

+ 1055 L1411, Y5 ¥ - Ly - Ly - Ly - x111]

— s (41,1, 3, Y ) - [y Y]

350[[3/ yI-ly-y1-ta(y, 33,9 - y-x1
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+ a5 (Y- 8413, 1,9 V) - [y [y -yl - x)
— sy Y1164y, .3, 1) - [y [y 1 - x]
+ g5 Ly Y1 12 (1,3, 3,9 - Y1+ [y - Y111 - x]
— s - [y, 1,y - Ly Ly Y11 - ]

— 555 Ly Y- 164 (13,3, Y2 - Ly -yl - ]
+ 2 (1, 1, 1, yy*) - [y ¥l x]

+ 25 (11, 1 YY) - y) - x]

- ﬁ [t4(3, 3,3, YV (y (yy*) - ]
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— =g -y 1y y, 9 - ly-Ty- 2]
+ =i (1,3, ¥5 %) - Y1+ [y -1y [y- ylll
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